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Laminar, Transition, and Turbulent Boundary-Layer
Characteristic with Favorable Pressure Gradient M, = 9.6

H. T. Nacamatsu,* D. C. WisLEr,f AND R. E. SgEER JR.{
General Electric Research and Development Center, Schenectady, N. Y.

The effects of pressure gradient and roughness on the laminar boundary-layer transition
and the characteristics of laminar, transition, and turbulent boundary layers were investi-
gated in a hypersonic shock tunnel with a 4-ft long 10° cone. By maintaining a stagnation
temperature of approximately 1400°K, the ratio of surface to stagnation temperature was
0.214, and the Mach number range over the heat gages was 7.8-10.2. Fast response platinum
heat gages were used on the cone surface and the small wedge to detect the transition, the
passage of turbulent bursts, and the local heat transfer rates. Boundary-layer surveys were
conducted with impact pressure, total temperature, and wedge heat transfer probes to verify
the existence of different types of boundary layers. From these measurements the charac-
teristics of laminar, transition, and turbulent boundary layers were determined for a Mach
number of 9.6. The experimental local heat transfer rates agreed reasonably well with the
laminar theory and the turbulent theory which included both the density and velocity fluctua-

tion terms.

Nomenclature
C; = local skin-friction coefficient
Cr. = local heat transfer coefficient
H, = freestream stagnation enthalpy
H, = model wall enthalpy
l = Prandtl mixing length parameter
M = Mach number
P = pressure, psia
P’, = freestream pitot pressure
P’,, = boundary-layer pitot pressure
q = local heat transfer rate, Btu/ft?-sec
Re, = Reynolds number based on cone surface distance
Res+ = Reynolds number based on displacement thickness
Res = Reynolds number based on momentum thickness
T = temperature
U = local velocity
4 = mean local velocity in turbulent boundary layer
T = distance along cone surface
Y = distance normal to model wall
B = compressibility mixing length parameter
8 = local boundary-layer thickness
6* = displacement thickness
6 = momentum thickness
p = local density
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- = mean local density in turbulent boundary layer
T = Prandt]l number

7o = local turbulent shear stress

Subscripts

0 = stagnation conditions

1 = Jocal conditions outside boundary layer

5 = nozzle reservoir conditions

I. Introduction

HE knowledge regarding the laminar boundary-layer
transition, local heat transfer rate, and skin friction for
laminar and turbulent boundary layers at high Mach numbers
is necessary for the design and development of advanced
hypersonic vehicles, satellites, and space probes. Skin fric-
tion, ease of boundary-layer separation, and heat transfer rate
depend upon whether the boundary layer is laminar or
turbulent. There is a need for theoretical and experimental
information on the effects of roughness, bluntness, pressure
gradient, Mach number, real gas, wall cooling, and angle of
attack on the transition Reynolds number at hypersonic Mach
numbers. These effects have been investigated on 4- and 8-ft
long 10° cones; some of the results are presented in Refs. 1-6.
At subsonic velocities, it was shown’ that transition is a
process involving the formation of turbulent spots, as postu-
lated by Emmons.® This phenomenon is clearly visible in
smoke tunnel photographs.® Turbulent bursts in the transi-
tion region were observed optically in the firing range'*** at
supersonic speeds. Potter and Whitfield!? investigated the
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Fig. 1 Interchangeable tips and boundary-layer survey
probes for 10° cone model.

laminar boundary layer on a hollow cylinder in a hypersonic
wind tunnel. Nagamatsu et al.,’ ¢ investigated the laminar
boundary-layer transition on 4- and 8-ft cones!—® and the loca-
tion of the critical layer.'® The experimental evidence indi-
cates that these turbulent bursts also occur at hypersonic
Mach numbers.

The stability theories developed for low Mach numbers may
not necessarily apply for high Mach number flows. For
example, the theoretical work!* predicts the experimental tran-
sition data at Mach numbers of 1.6 and 2.2 but does not pre-
dict the experimental results' at a Mach number of 5.8. The
three-dimensional nature of the boundary-layer instability
was investigated analytically1® and observed experimentally
on a flat plate at low speeds.’® The existing stability the-
ories?®0 24 goree with the experimental data for subsonic and
slightly supersonic speeds,’® but at a Mach number of 5.8, the
experimental data’® were completely different from the
theoretical prediction.?* Evidently for flow Mach numbers
greater than approximately 3, the classical methods of solving
the stability equation do not apply.??

The present investigation was undertaken to study the
effects of tip roughness and favorable pressure gradient on
surface heat transfer rate, laminar boundary-layer stability,
and boundary-layer profiles on a 4-ft 10° cone.

II. Experimental Equipment

All of the tests were conducted in the straight through test
section of the double nozzle hypersonic shock tunnel.? The
4-ft long 10° included angle cone model had a 50-u in.
surface finish. Surface roughness was generated by cutting
multiple right- and left-hand threads on the 2.25-in. long
stainless steel tip, so that the roughness fell below the effective
cone surface.

Static pressure was measured along the cone surface using
lead-zirconate-titanate pressure transducers. Standard Kist-
ler Model 401 quartz gages were used to measure free stream
impact and nozzle reservoir pressure. Thin film sputtered
platinum surface heat transfer gages? were located at 180°
from the pressure gages. At 34.5 in. from the cone tip, the
boundary layer was surveyed vertically with three types of
probes: a slightly flattened impact pressure probe with an
outside diameter of 0.100 in. and a wall thickness of 0.005 in., a
small total temperature probe with an unbonded strip of
0.0005-in. thick platinum mounted at the stagnation region,
and two sizes of wedge heat transfer probes.* Both of the
wedge probes had a thin film heat transfer gage sputtered on
the top surface. A photograph of the probes is presented in
Fig. 1, and additional information about the shock tunnel and
associated instrumentation is presented in Refs. 1-6.

All of the instrumentation for the cone model was dynam-
ically calibrated in an 8-in.-diam calibration shock tube over
the pressure and temperature ranges expected through the
boundary layer and on the cone surface.
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reservoir pressure P; ~ 1245 psia and temperature T; =
1400°K.

III. Experimental Procedure and Results

The reservoir conditions behind the reflected shock were
controlled by the initial temperature and pressure in the
driven tube and the strength of the incident shock. All of the
tests were conducted at a stagnation temperature of ap-
proximately 1400°K. This produced a model wall tempera-
ture to stagnation temperature ratio of 0.214. The expansion
process in the nozzle was investigated by measuring the static
and impact pressure along the axis of the nozzle. The reser-
voir pressures were high enough to have nearly equilibrium
expansion. Mach number, pressure, density, temperature
and velocity variations along the axis of the nozzle were
calculated using the equilibrium thermodynamic data for air.?’

The cone surface pressure showed a smooth variation with
simply a finite increase over the empty nozzle case. This
indicated that no significant disturbances were introduced
into the nozzle flow by the presence of the model. It also
indicated that the flow outside the nozzle exit was expand-
ing as a freejet, probably due to the low initial dump tank
pressure. The ratio of the test section impact pressure to
reservoir pressure remained fairly eonstant once the nozzle
flow was established.

Source-type flow over the conical model produced a fairly
large increasing Mach number gradient and a decreasing
pressure gradient along the cone surface. For a hypersonic
source flow, the local temperature, hence the local speed of
sound, decreases as the Mach number increases such that the
local velocity remains almost constant. The velocity
gradient was 2.7 fps/in. Weil has calculated the effects of
velocity and pressure gradients on compressible flow, based
upon the theory of Lin and Lees,?? and found that they are
negligible for a freestream Mach number of 4.

The variation of Re/ft and Re. is presented in Fig. 2. The
unit Reynolds number Re/ft was calculated using the local
properties just outside the boundary layer as determined from
the measured cone surface pressure (Fig. 3) and the reservoir
conditions. The surface Reynolds number Re, for any given
point was determined by integrating the Re/ft curve up to that
surface location. A more detailed discussion of the signifi-
cance of integrated Reynolds number is given in Refs, 4-6.

IV. Discussion of Results

A. Breakdown Mechanism of Hypersonic
Laminar Boundary Layer

In the earlier references,!~® it was observed that transition
begins with the appearance of turbulent bursts. It seems as if
locally the laminar boundary layer breaks down with a cor-
responding sudden change in pressure, temperature, and heat
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Fig. 3 Static pressure distribution for 10° cone in hyper-
sonic nozzle, T5 ~ 1400°K.

transfer. In the early stages of transition, these bursts do not
occur frequently, and most of the time at a given location the
boundary layer is laminar. As the Re increases, the magni-
tude of these turbulent bursts become larger,'—% and their
frequency inereases. The return to laminar flow over a given
location is now less apt to occur. Finally, when the boundary
layer is fully turbulent, high frequency, small amplitude eddies
appear throughout. The small wedge heat transfer probe
seems to verify this picture of the breakdown mechanism.
Figure 4 shows typical oscilloscope traces from this probe for a
local Mach number of approximately 9.6. The y/6 ~ 0.12
position is particularly interesting. After 1.3 msec from the
beginning of the sweep, the laminar trace looks quite smooth
with time. By increasing the reflected pressure Ps the Re was
increased until transition oceurred. This transition trace
shows a small burst at 1.5 msec followed by a return to
laminar flow. At 2.1 msec a large jump in the trace is seen,
indicating the passage of a large burst. A similar burst occurs
at 2.7 msec. The trace then quiets down and resembles the
laminar case. The turbulent trace at y/8 ~ 0.12 indicates
that the flow is composed of many high-frequency, low-
amplitude eddies.

The surface heat transfer oscilloscope traces (Fig. 5) show
the same characteristics as the traces from the boundary-layer
probe. However, the occurrence of bursts in the transition
regime and the occurrence of small amplitude higher frequency
eddies in the turbulent regime are not so distinet. This is
probably due to the existence of a laminar sublayer.

B. Surface Heat Transfer

The local heat transfer rates on the cone surface with
smooth and rough-sharp tips are presented in Figs. 6-8. The
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laminar heat transfer theory was caleulated by the method
presented in Ref. 29 and using the Mangler transformation
and the local Re; whereas the turbulent heat transfer rates
were obtained from the theory of Li-Nagamatsu.®® The
compressibility mixing length parameter 8, which accounts
for the contribution of density fluctuations to the turbulent
shear, was taken to be 0 and 1. For a value of unity, the
contributions of the density and velocity fluctuations to this
shear stress are of the same order as seen in Eq. 1:

o = {[B2(dp/dy)] + pdi/dy}l* dia/dy @)

The skin-friction coefficients were converted to surface heat
transfer rates by the modified Reynolds analogy:

Ch = Cf/20'2/3 (2)

where ¢ is taken as 0.72 and the local heat transfer rate ¢ is
given by

q = pluloh(HO - Hw) (3)

No transverse curvature corrections were made to this turbu-
lent theory.

In Fig. 6, P; is 585 psia with a Re, range of 2.4 t0 3.8 X 10,
These heat transfer rates had very little scatter and agreed
reasonably well with the laminar theory, indicating that the
boundary layer was laminar, As P; was increased to 1245
psia, Fig. 7, the experimental data falls above the laminar
theory. An increase in the magnitude of fluctuations is also
present which would indicate the passage of turbulent bursts
in the transition region. Re. for the transition case varied
from 5.0 to 8.0 X 10¢.

Turbulent flow was generated in two ways. The first was
to repeat the 1245 psia reservoir conditions while using the
rough sharp tip instead of the smooth sharp one, Fig. 7. The
second was to use the smooth sharp tip at an increased reser-
voir pressure of 2150 psia, Fig. 8. For Ps = 2150 psia, Re,
varied from 9.7 to 14 X 10°% The surface heat transfer
distributions are shown in Figs. 7 and 8. In both figures, the
experimental data is bounded by the turbulent theory for 0 <
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B < 1. It will be seen later in this paper that the turbulent
boundary layer generated by surface roughness had, within
the experimental accuracy, the same profile as that generated
by increased Re.

C. Boundary-Layer Surveys

In order to further verify the existence of various types of
boundary layers, it was necessary to perform total pressure,
total temperature, and wedge heat transfer surveys. These
results were obtained at 34.5 in. from the cone tip where the
local Mach number was 9.6. Nondimensional forms of the
pitot-tube survey, P’,/P’,, are presented in Fig. 9. Two
features are evident from the figure. The first is the much
larger P’,,/P’,, gradient of the laminar curve, especially be-
tween y/8 values of 0.2 and 0.7. 'This had been demonstrated
theoretically®:32 and observed experimentally?=533.34 g%
hypersonic Mach numbers. The second feature of Fig. 9 is
that the turbulent boundary layer generated by tip roughness
at Ps = 1245 psia has essentially the same profile as that gen-
erated by the smooth sharp tip at Ps = 2150 psia.

Since the cone wall was not insulated, the enthalpy could
not be assumed constant across the boundary layer. This
enthalpy distribution was obtained by the use of a calibrated
thick film stagnation-point heat transfer probet or total tem-
perature probe. The results are shown in Fig. 9. Again the
turbulent boundary layer due to either forced or natural
transition appears to have the same profile. At values of y/8
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Fig. 8 Heat transfer distribution for smooth sharp cone
tip at reservoir pressure P; =~ 2150 psia and temperature
T; ~ 1400°K.
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Fig. 9 Nondimensional total pressure and total tempera-
ture profiles for laminar and turbulent boundary layers,
T5 =~ 1400°K, M1 ~ 9.6.

from 0 to 0.6 the gasflow in the turbulent boundary layer has
more energy than that in the laminar boundary layer. This
appears reasonable since turbulent flow is composed of eddy
type motion which provides a means of transferring energy to
the gas near the wall.

The nondimensional impact pressure and total temperature
profiles for the transition boundary layer are presented in Fig,.
10. These profiles have approximately the same shape as the
turbulent profiles, indicating that the boundary layer is well
into transition. However, the large fluctuation in the experi-
mental data of Fig. 10 indicates that a fully turbulent bound-
ary layer has not yet developed. Because to the large fluctua-
tions in the transition boundary layer, the data curves in Figs.
10, 13, and 14 are shown as dashed lines.

Using these experimental impact pressure and total tem-
perature distributions through the boundary layer, the veloe~
ity, density, and temperature distributions were calculated for
laminar, transition and turbulent boundary layers, Figs. 11—
13. For the laminar boundary layer with the smooth sharp
tip, the Re, at a distance of 34.5 in. from the cone tip was 3.3 X
10° for a, Mach number of 9.6. Because to a large viscous dis-
sipation at hypersonic Mach numbers, there is a large density
gradient at the outer part of this laminar boundary layer.
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Fig. 10 Nondimensional impact pressure and impact
temperature profiles for transition boundary layer, T; =~
1400°K, M, =~ 9.6.
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Fig. 11 Nondimensional laminar and turbulent bound-
ary-layer profiles, T; ~ 1400°K, M; =~ 9.6,

Also, the density of the boundary layer near the cone surface
was much less than the freestream value. Near the wall, the
velocity variation is approximately linear with the vertical
distance.

For the turbulent boundary layer produced by the rough
sharp tip, and the transition boundary layer produced by the
smooth sharp tip, the Re was 7.1 X 108 At the same loca-
tion, the Re for the turbulent boundary layer produced by the
smooth sharp tip is 12.2 X 105, Approximately 809, of the
turbulent boundary layer is moving subsonic relative to the
free stream velocity.

The heat transfer profiles in the boundary layer were deter-
mined by using two different size wedge probes.* In Fig, 14,
the heat transfer rates for both probes in the same laminar
boundary layer are presented. The small wedge probe shows
higher heat transfer rates, but the sputtered platinum was
located closer to the leading edge of the small wedge, giving
the higher values. These measured local heat transfer rates
for the small wedge were compared with the strong interaction
theory of Li-Nagamatsu® for Mach numbers >4.5 and the flat
plate theory?® for Mach numbers <4.5. The theoretical
curve was calculated by using the aforementioned theories in
which the distance from the leading edge was taken to be
slightly downstream from the front of the sputtered platinum
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Fig. 12 Nondimensional temperature profiles for lami-
har and turbulent boundary layers, T; =~ 1400°K, M; =~
9.6.
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Fig. 13 Nondimensional transition boundary-layer pro-
files, P; =~ 1245 psia, T5; =~ 1400°K, M, =~ 9.6.

gage. The agreement between the experimental and the
analytical values is reasonable, considering the fact that both
theories were derived on the basis of uniform flow ahead of the
flat plate. Also, the results indicate that the caleulated
values for the conditions in the boundary layer from the
measured impact pressures and total temperatures are fairly
accurate. Both probes indicated the presence of flow
fluctuations in the laminar boundary layer with the maximum
oscillations oceurring towards the outer edge as shown in Figs.
4 and 14. The heat transfer rates for the transition boundary
layer in Fig. 14 show a large fluctuation throughout. A strong
burst is quite evident at y = 0.06 in.

The heat transfer measurements for the wedge probes were
made nondimensional by using the heat transfer rate just out-
side the boundary layer, and the results for laminar and
turbulent boundary layers are presented in Fig. 15. There is
a very large difference between the types of boundary layer,
which was also observed at higher Mach numbers in Refs. 4
and 5. Thus, this wedge probe can be used at hypersonic
Mach numbers in place of the hot wire to distinguish between
laminar, transition, and turbulent boundary layers and also in
obtaining the nondimensional heat transfer distribution
through the boundary layer.

Figure 4 shows typical wedge heat transfer oscilloscope
traces at various heights in the different boundary layers
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Fig. 14 Wedge probe surface heat transfer variation

through laminar and transition boundary layers, Ts =
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Table 1 Displacement and momentum thickness,
momentum Re, and heat transfer coeflicient for laminar,
transition, and turbulent boundary layers at M = 9.6

Laminar Transition Turbulent, Turbulent
Ps 585 psia, 1245 psia 1245 psia 2150 psia
T 34.5 in. 34.5 in. 34.51n. 34 .5 in.
Reap,, 3.35 X 106 7.1 %X 106 7.1 X 108 12.2 X 108
Reup,, 1.51 X 106 3.16 X 106 3.16 X 105 5.41 X 108
5 0.4 in. 0.45 in. 0.7 in. 0.75 1in.
a* 0.264 in. 0.208 in. 0.271 in. 0.291 in.

6 6.86 X 107¢ 7.56 X 10~* 11.12 X 107* 11.9 X 10—¢

ft ft ft ft
Res+ 10,700 21,460 27,430 50,610
Reg 334 933 1351 2490
6.18¢ 7.28~4 5.44

Ch 7.3274

The surveys were made at 34.5 in. from the cone tip where the
local Mach number was 9.6. The differences between the
laminar, transition, and turbulent traces were discussed
earlier. Towards the outer edge of the boundary layer the
sharp oscillations in the traces diminish until at y/6 = 1.0, the
laminar, transition, and turbulent traces have nearly the same
characteristics, The smooth traces at y/6 = 1.0 show that
the freestream is probably free of large upstream disturbances.

The values of velocity and density were used to caleulate the
displacement thickness,

s [ P
0% = fO (1 P1u1) a @

and the momentum thickness,

S pU U
o=f—— 1-2)4q 5
Oplul( u1>y ()

‘When combined with freestream density, velocity, and vis-
cosity, the momentum thickness gave the following values for
momentum Re: laminar Rey = 334, turbulent Rep = 1351
for Ps = 1250 psia, turbulent Res = 2490 for P; = 2150 psia.
Values of momentum thickness, displacement thickness,
momentum Re, heat transfer coefficient, and other quantities
for laminar, transition, and turbulent boundary layers are
given in Table 1.

V. Conclusions

In the transition region, the hypersonic laminar boundary
layer broke down with the appearance of turbulent bursts
similar to those observed at subsonic and supersonic speeds.
These bursts were best detected by the small boundary layer
wedge probe at y/6 ~ 0.12. 'The turbulent flow was char-
acterized by high-frequency low-amplitude eddy type motion.
These characteristic distinctions between laminar, transition,
and turbulent flow were not so easily detected by the surface
heat transfer gages.

The experimental laminar surface heat transfer rates agreed
reasonably well with the Jaminar theory. In the transition
region, there were larger fluctuations in the heat transfer rates
and the mean values were higher than the laminar theory. The
theoretical turbulent surface heat transfer rates for 0 < g < 1
bounded the turbulent experimental results.

Boundary-layer surveys of total pressure, total temperature,
and wedge probe heat transfer rates were performed at 34.5
in. from the cone tip where the local Mach number was 9.6.
There was a large difference in the impact distribution be-
tween the laminar and turbulent boundary layers. From the
total pressure and temperature surveys, it was possible to
obtain velocity, density, temperature, and Mach number
profiles. For both natural and artifically induced turbulent
boundary layers, these profiles were almost identical. The
magnitude of the wedge probe heat transfer rates was de-
pendent upon the distance of the sputtered platinum gage
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Fig. 15 Nondimensional heat transfer profiles for various
types of boundary layers, T; =~ 1400°K, M, ~ 9.6.

from the leading edge of the probe. Therefore, this probe was
primarily used to distinguish between the laminar, transition
and turbulent boundary layers and to obtain the ratio of heat
transfer rate in the boundary layer to that just outside the
layer.
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Minimum Time Turns for a Supersonic Airplane at
Constant Altitude

J. Kart, Heprick* anp ARTHUR E. Bryson JR.{
Stanford University, Stanford, Calif.

Optimal control theory is used to determine thrust, bank-angle, and angle-of-attack pro-
grams for minimum time turns of a supersonic airplane at constant altitude for three different
terminal conditions: 1) both heading angle and velocity specified, 2) only heading angle speci-
fied, 3) only velocity specified. The angle-of-attack is constrained to be less than the stall
angle of the aircraft and the thrust is constrained to be less than the maximum attainable
thrust, which at constant altitude is a function of velocity. Numerical results are given for a
typical supersonic airplane at two different altitudes. These results show that in general a
variable velocity, variable bank angle turn at full throttle is minimizing.
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lift coeflicient curve slope (dC1/de)
drag
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zero lift drag

acceleration of gravity
Hamiltonian

lift
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mass of aireraft
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M = Mach number

q = dynamic pressure

S = area

T = thrust

Ty = maximum thrust

V= velocity

W = weight

@ = angle-of-attack

@, = angle-of-attack at stall

B = heading angle

7 = aerodynamic efficiency factor
T = bank angle

A, = velocity adjoint

A = heading angle adjoint

m = thrust constraint adjoint

pe = angle-of-attack constraint adjoint
p = density of atmosphere



